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Abstract

ATL and Strategy Logic (SL) are important languages for
representation and reasoning about strategic abilities of coali-
tions in multi-agent systems. In analyzing strategies of agents
in multi-agent systems, an important concept to consider is
rationality. Strategy Logic can express rationality concepts
such as Nash Equilibrium (NE). Recently, there has been
work on logics for joint abilities incorporating rationality
concepts based on iterated elimination of dominated strate-
gies (IEDS). Each of NE and IEDS has its strengths and lim-
itations. However, when the payoff is binary, e.g., whether a
goal is satisfied, IEDS has more distinguishing power than
NE. In this work, we propose Strategy Logic with IEDS
(SL1gps), an extension of Strategy Logic with an IEDS op-
erator, where we can reason about rational strategies that sur-
vive IEDS. We prove that SLqgps is strictly more expressive
than SL. Finally, we prove that model checking memoryless
SL1eps is EXPTIME-complete.

Introduction

Logics for strategic abilities in multi-agent systems is
an active research field in knowledge representation and
reasoning. One of the fundamental works proposed is
Alternating-time Temporal Logic (ATL/ATL*) (Alur, Hen-
zinger, and Kupferman 2002), where formula ((A))1) spec-
ifies that coalition A has a collective strategy to achieve
temporal goal v, where v is a Linear Temporal Logic
(LTL) formula. Strategy Logic (SL) (Chatterjee, Henzinger,
and Piterman 2010; Mogavero et al. 2014) extends ATL*
with explicit quantification on strategies, e.g., the formula
F.Vy.32.(1, 2)(2, y)(3, 2)1) means that there exists a strat-
egy of agent 1 s.t. for all strategies of agent 2 there exists a
strategy of agent 3 that can achieve the goal +). This provides
more expressive power than ATL*, as in the latter the only
allowed quantification alterations are 3V or V3. This makes
SL very expressive in representing strategic abilities.

In analyzing strategies of agents in multi-agent systems,
an important concept to consider is rationality. A rational
agent chooses the best action to achieve her goal given her
knowledge or beliefs about the world and the other agents.
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However, ATL ignores the issue of rationality. For exam-
ple, two cars have a joint strategy to avoid collision by both
staying still, but this joint strategy is not rational given their
goals to reach the destinations. In game theory (Osborne and
Rubinstein 1994), there are two common concepts of ratio-
nality: Nash Equilibrium (NE) and Iterative Elimination of
Dominated Strategies (IEDS). NE represents outcome ratio-
nality, while IEDS represents procedural rationality. In gen-
eral, each of NE and IEDS has its strengths and limitations.
For example, NE doesn’t specify how to arrive at an equilib-
rium, while IEDS fails in games without dominated strate-
gies. However, when it comes to the situation where the pay-
off is binary, e.g., whether a goal is satisfied, [IEDS has more
distinguishing power than NE. To give a simple example,
consider two agents trying to cooperate and achieve a goal:
Both agents 1 and 2 have two strategies a and b, and (a, a) is
the only joint strategy that cannot achieve the goal. Then any
joint strategy other than (a, a) is a NE, but only (b, b) is pre-
ferred by IEDS. The properties and algorithmic complexi-
ties of IEDS are thoroughly studied (Berwanger 2007; Pauly
2016). It is well known that SL can express NE; however, SL
cannot express IEDS due to its procedural property. There
is other literature on procedural or bounded rationality (Si-
mon 1955; Russell and Wefald 1991; Gigerenzer, Todd, and
the ABC Research Group 2000), which consider bounded
or procedural rationality as how the agents choose strategies
under informational or computational limits.

Nonetheless, rational strategic reasoning has received
considerable attention. Works along this line can be put
into two groups. The first group is strategy verification and
synthesis. Wooldridge et al. (2016) introduces rational ver-
ification, concerning whether a given temporal logic for-
mula is satisfied in some or all equilibrium computations of
a multi-agent system, where each agent has a goal speci-
fied with a temporal logic formula. Kupferman, Perelli, and
Vardi (2016) thoroughly investigates rational synthesis un-
der different rationality concepts in cooperative and non-
cooperative settings. Aminof et al. (2021) explores best-
effort synthesis, which synthesizes non-dominated strate-
gies to achieve LTL goals. Gutierrez et al. (2021) investi-
gates the problem of verification of strict € Nash equilibria,
where agents have both an LTL goal and an additional goal
to minimize cost. Gutierrez et al. (2023) considers rational
verification of mean-payoff games and provides improved



complexity results. Recently, Hyland et al. (2024) studies
rational verification problem in a setting where agents have
quantitative probabilistic goals. The second group is strate-
gic logics, mostly extending ATL. Bulling, Jamroga, and
Dix (2008) extends ATL with multiple operators, which en-
able reasoning about agents that only play strategies satis-
fying certain rational properties, including Nash Equilibria
and non-dominated strategies. Gutierrez, Harrenstein, and
Wooldridge (2014; 2017) proposes a logic containing op-
erator [N E]t, meaning 1 holds on all NE computations.
Lorini (2016) proposes a modal logic for interactive episte-
mology to reason about game-theoretic solution concepts in
normal form games. Huang and Ruan (2017) extends ATL
with modalities CEZY*¢), meaning group G has collective
strategies in the form of correlated equilibria with utilitar-
ian value > w. Liu et al. (2020) proposes a modal logic
JAADL for joint abilities by extending ATL* with an opera-
tor (A)7 ¢, meaning ¢ holds after [EDS w.r.t. group A and
goal 1. Li, Lorini, and Mittelmann (2025) extends coalition
logic and ATL with minimal rationality modalities ((C'))"**¢
for existence of non-dominated strategies to achieve 1.

In this paper, we enhance Strategy Logic with procedural
rationality, and propose Strategy Logic with IEDS (SLzgpsg).
We choose IEDS because it is a profoundly important and
highly influential notion of procedural rationality. Follow-
ing JAADL, we extend SL with operators for elimination of
dominated strategies (EDS) [r]¢ and IEDS [7]°°¢, which
means ¢ holds after EDS and IEDS, respectively, w.r.t.
goals specified with 7. Different from JAADL and similar
to rational verification (Wooldridge et al. 2016), different
agents can have different goals, represented using formu-
las, which allows us to reason about non-cooperative set-
tings. We prove that adding only the EDS operator to SL
does not increase its expressiveness. We also prove that
adding the IEDS operator to SL makes it strictly more ex-
pressive. To this end, we construct two classes of models
such that there is a SLigps formula to distinguish between
them, but no SL formula can do so. Note that our definition
of SL1gps and expressiveness results apply to both memo-
ryless and memoryful cases. Finally, we prove that model-
checking memoryless SLigpg is EXPTIME-complete. This
complexity is higher than model-checking memoryless SL,
which is PSPACE-complete (Cermék et al. 2018). To prove
the non-trivial EXPTIME-hardness result, we first show that
IEDS on payoff matrices succinctly represented with circuits
is EXPTIME-hard, and then reduce it to model-checking
memoryless SLgps.

Preliminaries

In this section, we introduce SL, and define the concept of
strategy space, which is needed for defining our logic.

Let AP be a finite non-empty set of atomic propositions,
Ac a finite non-empty set of actions, and Ag a finite non-
empty set of agents.

Definition 1. A concurrent game structure (CGS) is a tuple
G = (W, L, P,7,w°), where

« W is a finite non-empty set of states; w® € W is the
initial state; L : W — 24P js a labeling function; For

(stop, stop)

Figure 1: The intersection formalized as a CGS.

each agent i, P; : W — 24¢ specifies a non-empty set of
its available actions at each state;

* A decision at state w is a function mapping each agent ¢
to an action from P;(w). The state transition function 7
maps a state w and a decision d at w to a new state.

Example 1 (Crossing road (Li, Lorini, and Mittelmann
2025)). Two vehicles, vehicle 1 and vehicle 2, approch
an intersection and both want to go straight. Vehicles can
choose to pass or stop. If one of the vehicles chooses to pass,
while the other one chooses to stop, then the moving vehicle
can cross the road safely and win. However, if both of the
vehicles deside to pass at the same time, then the two ve-
hicles will crash. In the CGS, atomic proposition win; de-
notes that ¢ reached its goal, crash denotes that the two ve-
hicle crash. Aside from initial state w° where both vehicles
don’t cross the intersection, we have four states: wy, where 1
stops; ws, where 2 stops; ws, where both pass successfully;
and wy, where both pass at the same time and crashed. We
formalize the CGS shown in Figure 1, where:

* Ag = {1,2}, Ac = {pass,stop}, and AP =

{wing, wing, crash}; W = {w®, wy, wa, w3, wy };
e L(w®) = @, L(w1) = {wing}, L(wg) = {wini},
L(ws) = {winy,wins}, L(wy) = {crash};

* P(w)=Acfori=1,2and allw € W;

* 7 is defined as in Figure 1.
Definition 2. A history h in a CGS § is a finite state se-
quence wowy . . . wy,. We let hi] be the ith state w; on the
history, and last(h) be w,.

Definition 3. A computation A in a CGS G is an infinite
state sequence wows . ... We let A[7] be the ith state w; on
the computation.

Definition 4 (Strategies). A memoryless strategy on a CGS
G is a function 0 : W — Ac. A memoryful strategy on
a CGS G is a function o : W* — Ac. We denote the set
of all memoryless strategies Str”, the set of all memoryful
strategies Strt. We use Str to range over Str” and Str’?.
Example 2 (Strategies in the crossing road game). Consider
the CGS in Example 1. There are in general two kinds of
memoryless strategies that may lead to winning:
* Strategy o, where o, (w’) = pass, i.e., to pass first.
* Strategy o, where o, (w®) = stop, o4 (wy) = o5(ws) =
pass, i.e., to stop before the intersection and wait after the
other vehicle passes.



If both agents adopt the same strategy o, it will result in a
crash. Both agents adopting o, will not lead in to a crash,
but a traffic obstruction: no one can win as the CGS is stuck
in w®. They will safely pass the intersection if one chooses
op, and the other o.

In the case of memoryful strategies, both vehicles stop-
ping at w® does not inevitably lead to a traffic obstruction,
as agents can pass after some amount of time. Still, a crash
may happen if the two agents pass at the same time.

We define the notion of executable strategies, and intro-
duce the concept of strategy spaces.

Definition 5 (Executablility). A memoryless strategy o is
executable for an agent i, if for all w € W we have o(w) €
P;(w). A memoryful strategy is executable for an agent i, if
for all h € W* we have o(h) € P;(last(h)). We denote the
set of all memoryless (resp. memoryful) executable strate-
gies of agent i as Str! (resp. Strit).

Definition 6. A strategy space X on a CGS is a function that
maps each agent 7 to a subset of Str;. The full strategy space
>y on a CGS maps each agent ¢ to Str;.

We now define the notion of an agent strategy assignment,
which assigns a set of agents their executable strategies.

Definition 7. An agent strategy assignment « is a partial
function from Ag to Str. An agent strategy assignment is
definedonaset A C Ag of agents, ifi € Aiff a(i) # L. An
agent strategy assignment « is restricted to a strategy space
Y if for all i s.t. (i) # L, we have a(i) € X(i). Given an
agent strategy assignment «, an agent ¢, and 0 € StrU{L},
ali — o] denotes the assignment that maps ¢ to o and is
otherwise equal to a.

We denote the set Ag — {i} as —i, and Ag — A as — A.

Definition 8 (Outcome). A state w and an agent strategy
assignment « defined on Ag determine a unique computa-
tion. We call this computation the outcome of w and «, and
denote it as out(w, ).

We introduce SL as in (Mogavero et al. 2014). The defi-
nition is slightly modified, in which we use two seperate as-
signments to assign agents and strategy variables. Let StV
be a countable non-empty set of strategy variables. We give
the syntax of SL.

Definition 9 (SL syntax). We define the syntax of SL for-
mula ¢ as follows:

pu=p| @i Apa | Xo [ iU [ 3s.0 | (1, 8)p,
where p € AP, i € Ag,and s € StV.

Intuitively, strategy quantification 3s means “there exists
a strategy s”, while agent binding (%, s) means “bind agent @
to strategy s”. We use T for true and | for false. Standard
abbreviations including F and G are defined as usual.

Definition 10. The set of free agents and variables of an SL
formula ¢, denoted free(), is defined inductively as follows
(omitting cases of — and A):

o free(p) = @; free(Xp) = Ag U free(p);

o free(p1Upa) = Ag U free(p1) U free(v2);

o free(ds.@) = free(p) — {s};

o free((i, s)p) = (free(p) U {s}) — {i} if i € free(y);
o free((i, s)p) = free(p) if i ¢ free(p);
A formula ¢ is a sentence if free(p) = &.

Definition 11. A variable strategy assignment x : StV —
Str maps each strategy variable to a strategy. For a variable
strategy assignment X, a strategy variable s and a strategy o,
X[s — o] is the variable strategy assignment that maps s to
o and is otherwise equal to .

Definition 12 (SL Semantics). Given a CGS G, a state w, a
variable strategy assignment Y, an agent strategy assignment
« defined on Ag, we define the semantics of SL formulas
inductively as follows (omitting cases of — and A):

* G,wk, o pifp e L(w).

* G,w F, o Js.p if there exists a strategy o € Str s.t.
g7 w bX[s»—>a],o¢ ®-

cGw Fyao (i,8)¢ if x(s) € Str;, and we have
g7w ':)(,oz[i»—>x(s)] ®-

* GowkE, o Xeif G, out(w, a)[1] Fy o .

* G,w Fyao @iUpy if there exists £ € N st
G,out(w,a)[k] Ey o @2 and for all ¢ < k, we have
G, out(w, a)[i] Fy o 1.

For a sentence ¢ we omit y and « and write G, w F ¢.

Given agents 4i,...,%¢, and their respective goals
©1,.-.,9n, SL can express the existence of deterministic
Nash equilibra (Mogavero et al. 2014), with the formula
3s1...3s,.(41,81) - - - (in, Sn)Pnd, Where p,q states that
all agents have no intention to deviate from the joint strat-
egy represented by (s1,...,58,): png is the conjunction of
formulas (Jy.(ix, y)pr) — @k fork =1,... n. We denote
this formula with INE(¢1, ..., ¢n).

Syntax and Semantics of SLgps

In this section, we propose Strategy Logic with IEDS
(SL1gps). We introduce its syntax and semantics, compare
it to related logics, and analyze valid formulas in the logic.

JAADL extends ATL* with operators (A), ¢ and (A)7F ¢,
meaning ¢ holds after EDS and IEDS, respectively, w.r.t.
group A and goal 1. Inspired by JAADL, we extend SL
with strategy elimination and iterated elimination operators,
written as [r] and [7]> respectively. Different from JAADL
and similar to rational verification (Wooldridge et al. 2016),
different agents can have different goals, specified with the
goal expression 7. This allows us to reason about non-
cooperative settings.

Definition 13 (SL1gps Syntax). We define the syntax of
SL1eps formula ¢ and goal expression 7 as follows:

pu=p| @i A2 | Xo [ p1Ups |
Js.o | (4,8)¢ | [l | [7]™¢,
mu=c¢|m, (i),
where p € AP,i € Ag,and s € StV.

SL1gps formulas ¢ have an SL-like syntax, with temporal
modalities X and U, strategy quantifier 3s and agent binding
operator (7, s). The two new operators are the operator [7]



for elimination of dominated strategies (EDS) and the oper-
ator [rr]>° for IEDS. The goal expression 7 in these operators
denotes the goal of each agent, which is used to define the
strategy dominance relation for the agent. For example, the
pair (i : ) means agent ¢ holds the goal ¢.

We also define abbreviations for the elimination opera-
tors: [1]2p := [x][r]e, and similarly for [7]*y. We also
write 7 in abbreviation: We omit pairs like (¢ : T), and
combine agents with the same goal into a coalition. For
example, with Ag = {1,2,3,4}, we write (1 : ¢1),(2 :
01),(3 ¢ @) (4 + T)as ({12} ¢ 1).(3 ¢ o) or
(1a2 : 901)7 (3 : 502)'

Similarly to SL, we can define the set of free agents and
variables in a formula.

Definition 14. The set of free agents and variables of
SLi1gps formulas is defined as follows: free([7]¢) = free(p);
free([]>°) = free(ip); and for other types of formulas, the
definitions are the same as in SL. An SL1gps formula ¢ is a
sentence if free(y) = &.

In order to define the semantics of SLigps, we need to
interpret the goal expression 7. We begin so by defining goal
assignments.

Definition 15. A goal assignment goal maps each agent ¢ to
an SL1gpg formula . The formula goal(7) is called agent i’s
goal. For a goal assignment goal and an SL1gps formula ¢,
goal[i — ¢] is the goal assignment that maps agent i to ¢
and is otherwise equal to goal. The default goal assignment
goal, maps each agent to T.

The goal assignment maps each agent to her goal. Intu-
itively, every goal expression 7 denotes a goal assignment.
We interpret a goal expression 7 as a goal assignment in the
following way:

Definition 16. The goal expression 7 is evaluated induc-
tively as follows: [e] = goaly; [71, (¢ : ¢)] = [m1][i — ]
Finally, we define semantics of SL1gps. The interpretation
of SL1gps formulas is defined w.r.t. a strategy space. We de-
fine two strategy space reduction operators R ., ,(X) and
R, (¥), which mean the reduction of ¥ via EDS and
IEDS, respectively. The definitions of the interpretation of
formulas and the reduction operators are mutually inductive.
Thus the following definition is long, consisting of 3 parts.

Definition 17 (SLigps Semantics). We define the interpre-
tation of SL1gps formulas and the strategy space reduction
operators R and R* mutually inductively as follows:

(1) Given a CGS g, a state w, a strategy space X, a vari-
able strategy assignment Y, an agent strategy assignment «
defined on Ag, the interpretation of SLigps formulas is in-
ductively defined as follows (omitting cases of — and A):

e G.w, X Fy o pifp € L(w).

* G,w,X Fy o Js.@ if there exists a strategy o € Str s.t.
ga w, X ):X[S}—)O'],OL ®-

* G,w, X Fya (i,8)p if x(s) € X(i), and we have
g, w,% ’:x,a[in(s)] -

® g) w7 Z ’:X,Oé [W]@ lf g7 w7 Rﬂ',w,x(z) 'Zx,a 80

e G,w, X Fy o [T]%¢ ifg,w,RSrf’w’X(E) Fy,a @

e G,w, X Fy o Xpif G, out(w, a)[1], X Ey o .

* G,w, X Fya @1Ups if there exists £ € N st
G,out(w, a)[k],X Fy o @2 and for all i < k, we have
G, out(w, a)[i], X Ey o 1.

For a sentence ¢ we omit x and « and write G, w, 3 F .

(2) We now define the domination relation between strate-
gies. We begin with the notion of the compatible set M
of a strategy. Given a goal expression 7, an agent ¢, a
state w, a variable assignment X, a strategy space X, and
o € 3(i), the compatible set of o w.r.t. 7,4, w, x, X, writ-
ten My ; w,,x(0), is the set of agent strategy assignments
defined on —: and restricted to X that can work with ¢ to
satisfy agent i’s goal [r](7) at w w.r.t. ¥, i.e., for all agent
strategy assignments « defined on —¢ and restricted to X,
o€ My s(o)iff G w, X Fy.alimo] [7](%).

For strategies 0,0’ € X(i), we write 0 >, ;4,5 0
if M iwys(0) O My iwy,n(0'). Additionally, we write
O >riw,x,S o if Mﬂ—’i’w’X’Z(J) D) Mﬂ—,i’wyxlj(a'l), and we
say o dominates ¢’ in ¥ w.r.t. m, 7, w, X.

(3) The reduction of a strategy space X w.r.t. goal 7, state
w, and variable assignment x, written R ., , (X), is defined
as follows: For all strategy 0 € (i), 0 € Ry (2)(%)
iff there is no ¢/ € X(i) s.t. 0/ >z 0. Note that
if agent ¢ has goal T, then no strategy of ¢+ dominates an-
other, thus R ., ,(X)(i) = X(i). For k > 2, we de-
fine RY ,  (X) = Rpwy(RELL (X)). Finally, we define

Ctmaw,x o W, X\
the iterated reduction in the following way: For each agent

i€ Ag. R, (B)(1) = MpZo B7 wx (2) (D).

Definition 18 (Payoff matrix). Given a CGS G, a state w,
a strategy space X, a goal formula ¢, a variable strategy
assignment x, the payoff matrix, denoted Fg . 5., y» 1S @
Boolean matrix with indices labeled by agent strategy as-
signments « defined on Ag and restricted to 3 such that for
all such v, Pg 5,0, () = 1iff G, w Fy o . We omit the
subscripts of P if there is no ambiguity.

Finally, we use the Crossing road example to illustrate the
EDS and IEDS operators of SL1gps.

Example 3. We focus on the memoryless case, and consider
three situations where agents have different goals. The pay-
off matrices of the three situations are given in Table 1.

First, both agents have the safety goal of never crash,
denoted ¢°® := G-crash. Then the formula [(1,2
)V Vy.(1,2)(2,y)e® holds. It says that after a single
EDS, any remaining joint strategies achieve the goal. This is
because: as can be easily seen from Table 1a, for each agent,
the strategy o, dominates o, which is thus eliminated.

Second, besides the safety goal, each agent also has the
liveness goal of reaching the destination, denoted ¢! :=
Fwin; for i = 1,2. Then the formula [(1 : ¢* A ¢}), (2 :
0 A @)V Vy.(1,2)(2, ) (p* A @) A ©h) does not hold.
As can be seen from Table 1b, no strategy can be eliminated,
and if both agents choose o or both choose o, the joint goal
cannot be achieved.

Third, suppose that according to the law, vehicle 1 should
yield the right of way, i.e., it should let vehicle 2 go first. We
modify our language and the CGS to reflect it:

* Letillegaly,illegaly € AP;
* Letillegal; € L(ws) and illegal; € L(wy).
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Op O Op s
@[, 0,0 L,1| (®)[o, 0,0 I,1
o | 1,1 1,1 os | 1,1 0,0

Op O

©[ao, [0,0 0,1

os | 1,1 0,0

Table 1: Payoff matrices of the situations in Example 3.
Agent 1 (resp. 2) adopts row (resp. column) strategies.

Here, atom illegal; represents ¢ breaks the law. We as-
sume the agents have goal g = (1 : ©° A oh A
G-illegaly), (2 : ¢* A b A Gillegaly).

From Table 1lc, for agent 1, o, will be domi-
nated by o, and is eliminated; Yet, for agent 2, nei-
ther strategy dominates the other. Thus the formula
[Tregal] Vo Vy.(1,2)(2, y) (9° A} Aph) does not hold. How-
ever, the formula [mj¢gq1]®V2.Vy. (1, 2) (2, y) (9* A Aph)
holds. This is because: in the second round of EDS, and
agent 2’s o is eliminated. With agent 1 does o5 and agent 2
does o, the joint goal is achieved.

We now compare SLigps to JAADL and ATL with min-
imal rationality of (Li, Lorini, and Mittelmann 2025). We
show that a fragment of JAADL can be translated to SL1gps.
Aside from the EDS and IEDS operators, JAADL introduces
action atoms and regular expressions, which are not express-
ible in SL. We name as JAATL the fragment of JAADL,
which is the extension of ATL* with the operators (A)y¢
and (A)i‘%p. Then JAATL can be translated to SLgpg as fol-
lows: In the base case, we use the translation from ATL*
to SL. In the induction case, we have ¢r((A4)yp) = [(A :
tr(y))]tr(v), and similarly for the IEDS operator.

Li, Lorini, and Mittelmann (2025) extends coalition logic
and ATL with minimal rationality modalities ((C'))"**+) for
existence of non-dominated strategies to achieve 1), where
the domination relation between strategies is defined accord-
ing to a total preorder on computations of the CGS. In com-
parison, our logic has a couple of advantages: First, they
only consider EDS, while we consider both EDS and IEDS.
Secondly, our definition of domination between strategies is
defined via specifying goals for agents, which is in line with
works of rational verification (Wooldridge et al. 2016), and
we think this way is more natural and easier. Finally, ours
allows to reason in the same formula about different domi-
nation relations specified via different goal expressions.

Finally, We discuss valid formulas in SL1gps. Liu et al.
(2020) analyzed valid formulas in JAADL (Propositions 1-
4). When these valid formulas are in JAATL, their transla-
tion to SL1gpg are valid, too. Additionally, we have:

Proposition 1. The following formulas are valid:
o [7]*(p1 = ¢2) = ([7]* 01 — [7]*p2), k € NU {oo}.
o —[nlkp & [k, k € NU {0}

Moreover, some relations between NE and IEDS can be
represented as valid formulas in SLigps. An example is the
property that if after IEDS all remaining strategy profiles can

(a1, a1)

C@ A @DC\A@D

Figure 2: CGSes in C; and C, .

(0 *Tn)

11
11
1
11 1 1
11 11
1 1 1

Figure 3: Payoff matrices of G2 (left) and G3(right).

achieve both agents’ goals, then there exists a Nash Equilib-
rium in the original game, as shown below:

Proposition 2. Let Ag = {1,2}, mbe (1 : ¢1),(2 : 2),
where @1, po are SLygps formulas. Then, [7]*° (o3 A ©v)
—3IANE(p1, @2) is valid, where oy is V1 Vas (1,21)(2, x2)
(p1 A p2), @3 is JziTra(1,21)(2,22) (1 A p2), and
ANE(p1, p2) is the formula expressing the existence of an
NE w.r.t. goals 1 and ps.

Expressiveness Comparison

In this section, we compare the expressive power of SLigpg
to its fragments. We prove that SL is as expressive as SLgps,
i.e., SL with only the EDS operator, while SLzgps is strictly
more expressive than SL. Our proofs apply to both memory-
less and memoryful cases.

We first present the classic definition of expressive power.

Definition 19. Let L; and L, be two logics interpreted over
the same classes of models M. We say that Lo is at least
as expressive as L1, written L1 <. Lo, if for every formula
1 € Ly, there exists a formula ¢y € Lo s.t. for every model
M € M, we have M E ¢ ifft M F .

Theorem 3. SL =, SLgps.

Proof Sketch. To show that SLgps can be translated to SL,
it suffices to prove that the formula [7] with no EDS op-
erator in its subformulas can be expressed in SL. For each
agent binding subformula (i, z)p; of ¢, we write a for-
mula E¥ () to denote that z is dominated by another strate-
gies of i, according to i’s goal, and rewrite (¢,x)p; as
—~EY () A(i, z)p: . Finally, we remove the operator [x]. [J

Theorem 4. SL e SLIEDS-

Proof. The main idea of the proof is that we can construct
two classes of CGSes C; = {G}, | m > 3} and Cy = {G2, |
m > 3} s.t. there is an SLigpg formula to distinguish be-
tween C; and Cs, but no SL formula can do so.

The CGSes in the two classes all have the same struc-
ture as given in Figure 2. G, and G2, both have 2m actions
ai,...,asn,, where for both agents, a; is the only possible
action in wy and ws, and they only differ in the set of deci-
sions A that can achieve the goal of getting to the winning
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Figure 4: The graph of G(G3) (up) and G (gg) (down).

state w; (which is the only state labeled with win in both
models) from w®. We note that on such models, what distin-

guishes a strategy from another is the action to take in w°.

Thus a strategy can be represented by the action taken in w°.
So such a model can be uniquely represented with a payoff
matrix. We give the payoff matrices of G3 and G in Figure
3. In general, the only difference between the payoff matri-
ces of G} and G2, is that the 1 at (m + 1,m + 1) is moved
to (2m, m+1). It’s clear that in CGSes in C, every remain-
ing strategy profile can achieve the goal after IEDS (for both
agents, only strategy a,,+1 is left), and it is not the case in
Cy (for both agents, any strategy a; with ¢ > m + 1 is left).
Thus, the following SLigps formula can distinguish C; and
Cot o =[(1,2 : Xwin)]>*Vz.Vy.(1, z)(2, y) Xwin.

To prove that no SL formula can distinguish C; and Cs,
we translate SL formulas on C; and Cy to FOL (first-order
logic) formulas and models in C; and C, to first-order struc-
tures so that the satisfaction relation is maintained. The key
information of the CGSes is what decisions make the tran-
sition from w to w;. Thus we introduce a binary predicate
P(z,y) for this, and to translate a CGS G to a first-order
structure G(G), we use the set of actions of G as the do-
main, and interpret P(x,y) according to G. Figure 4 shows
the first-order structures obtained from G and G2, where
actions in w® are viewed as elements, and a directed edge
from element a to b means P(a,b) is true. We now show
how to translate formulas. Firstly, we note that on models
from the two classes, every SL formula can be written with-
out U, as v1 Uy is equivalent to @2 V (1 A Xp3). Thus the
key of the translation is how to translate X¢. For this pur-
pose, we can prove from a simple induction on ¢ that for
any w € {w1,ws}, any SL formula ¢ is equivalent to either
T or L; we write w = ¢ in the former case and w £ ¢ in
the latter. Thus, let x and y be the variables of the strategies
assigned to agents 1 and 2 respectively, X can be translated
as follows:

o T,ifw; F pand wy = p;

e P(z,y), if wy E ¢ and ws ¥ ¢;
o = P(z,y), if w ¥ ¢ and wa F ¢;
e 1, ifwy ¥ pand ws ¥ .

We denote this translation as ¢r, , (X¢). Based on the given
translation of Xy, we give the translation from SL formu-
las to FOL. We first rename the variables s.t. no quanti-
fiers share variables. We use an agent variable assignment
B : Ag — StV in the translation to record the strategy

variables assigned to agent 1 and 2. The formula tr(¢p, 3) is
defined inductively as follows:

. tr(win B) = L,aswin ¢ L(sp);
o tr(=p, B) = —tr(ep, B);

 tr(o1 A, B) = tr(e, B) Atr(pz, B);
* tr(3s.p, B) = s.tr(ep, B);

o tr((i, s)p, B) = tr(p, Bli = s]);

* tr(Xe, B) = traa),a2) (Xe)

For example, SL formula Jz.3y.3z.(1,2)(2,y)Xp A
(1,2)(2,z)X—p can be translated to Jz.3y.3z.P(z,y) A
—P(x, z). The correctness of the translation can be proven
by a simple induction on the formula if no quantifiers share
variables.

Finally, we make use of a result from Libkin (2004) which
states that no FOL sentences can distinguish two classes of
graphs: one with linear orders of size 2m, and the other with
the union of a linear order of size m and a directed cycle of
size m, as exemplified by Figure 4. Therefore, no SL sen-
tences can distinguish the classes C; and Cs. ]

Model Checking Memoryless SLzpg

In this section, we prove that model checking memoryless
SL1gps is EXPTIME-complete. This complexity is higher
than that of model-checking memoryless SL, which is
PSPACE-complete (Cermak et al. 2018).

We first define the model checking problem for SLigps.

Definition 20. Given a CGS G, a state w on G, an SL1gpg
sentence ¢, the full memoryless or memoryful strategy
space X ¢, the problem is to check if G, w, X F ¢.

Upper Bound

Our model checking algorithm M C for memoryless SLigps
is derived directly from the semantics. Algorithm M C' takes
aCGS G = (W,L,P,1,uw’), a state w € W, a strategy
space X, a formula ¢ and two assignments y and « as pa-
rameters, and returns whether G, w, > F, . ¢ by checking
all the subformulas of ¢ recursively. All the cases except
the case of U are straightforward. To process ¢1Upa, we
need to check if (o turns true before ¢; turns false on the
computation out(w, ). As out(w, «) forms a loop in mem-
oryless semantics, we only need to check at most |1V states
on out(w, a). Since the definition of the strategy elimination
operator is involved, we give the subprocess RS for process-
ing it in Algorithm 1. The iterated elimination process RS>
is done by calling RS on X repeatedly until reaching a fixed
point.

Theorem 5. Model checking memoryless SLigpg is in EXP-

TIME, and can be done in time exponential to the model size
m and the formula size .

Proof Sketch. We prove that the algorithm takes O(2™!)
time by induction on [. Processing ¢iUyps takes
O(m(2ml#il 4 2mle2l)) = ©O(2™) time. Processing
Js calls M C for every strategy. There are O(2™) strategies,
thus it takes O(272m(=1) = O(2™) time. As to [7]¢;
and [7]>° 1, we have: since there are O(2™) agent strategy



Algorithm 1: Reducing strategy spaces
Rs(ga w, Za X? 7T):
1: for eachi € Ag do
2:  foreacho; € ¥(i) do
3 for each o of —i that is restricted to X do
4 if MC(G,w, %, [7](i), x, i — o;]) then
5: add a to My 4 5 (0;)
6
7
8
9:

for each 0;, 0} € X(i) do
if My, 5(05) D My y,x(0;) then
(i) « X(i) — {oi}
return 2

assignments, calling RS takes O(272"I7l) time; since
RS> performs RS at most O(2™) times, calling RS>
takes O(27272™I7) time; thus processing both [r]¢; and
(7] takes Q271 4 2mleily = O(24) time. O

Lower Bound

To prove the EXPTIME-hardness, we reduce a EXPTIME-
hard problem to model checking memoryless SLzgps. Pauly
(2016) proved the 2-Simultaneous IEDS problem is P-hard.
By aresult of Papadimitriou and Yannakakis (1986), we ob-
tain that 2-Simultaneous IEDS on succinct representation
of payoff matrices is EXPTIME-hard. Then, we reduce this
problem to model checking memoryless SLigps.

We first need to introduce succinct representation sof ma-
trices proposed by Galperin and Wigderson (1983):

Definition 21 (Succinct representation). Let A be a Boolean
matrix with N = |I| < 2" rows and |J| < 2" columns,
where I and J are the sets of row numbers and column num-
bers. Let T be the binary representation of a number x. A
circuit C'y with size polynomial in n (polylograthmic in N)
is a succinct representation of A if the following properties
hold: C4 is a combinational circuit with two inputs of n bits
each, and fori € I,j € J,Ca(i,j) = 1iff A;; = 1.

We now introduce a generalization of the conclusion by
Papadimitriou and Yannakakis (1986) about succinct repre-
sentations. We begin with introducing the P-bounded halting
problem and the notion of projections (Skyum and Valiant
1985). Given a Turing machine M, an input  and a num-
ber T, the bounded halting problem is the decision prob-
lem that decides whether M accepts z in T steps. This
problem is P-complete by definition if 7" is polynomial
to the size of M and z. A mapping 7 from a language
L, C {0,1}* to another Lo is a projection iff the fol-
lowing conditions hold: (1) For any x € L; (denoted as
Z1...ZT,) with length m, its image y = 7(x) (denoted
as y1 ...y has length [ = m¢, where c is a constant; (2)
There exists a PTIME algorithm that computes the map-
ping § : {1,...,1} — {0,1,21,...,Zm,T1,..., Ty}
st yr...yp = 6(1)...5(1). That is, any output bit can be
computed from some input bit. It follows that if L; can be
projected to Lo, and Ly can be projected to L3, then L can
be projected to Ls.

Theorem (Papadimitriou and Yannakakis 1986). Given a
decision problem 11 on Boolean matrices, if there is a projec-

Figure 5: The CGS G.. The initial state w® = sp.

tion from the P-bounded halting problem to 11, then the prob-
lem on succinct representations of matrices is EXPTIME-
hard.

This conclusion relates a P-hard problem on Boolean ma-
trices to an EXPTIME-hard one on succinct representations.
To apply it, we need the 2-Simultaneous IEDS given and
proven to be P-hard by Pauly (2016). Given a finite two-
player game with Boolean payoff, represented by two pay-
off matrices, the problem 2-Simutaneous IEDS is to decide
whether a given strategy of player 1, represented by the row
index, remains after IEDS. We consider this problem on suc-
cinct representations, where we use a circuit to represent
payoff matrices of both players. Without loss of generality,
we assume that a single input bit decides whether the circuit
is calculating payoff of player 1 (if the bit is 0) or 2 (if the
bitis 1).

Proposition 6. 2-Simultaneous IEDS on succinct represen-
tation of payoff matrices is EXPTIME-hard.

Proof Sketch. 1t is proven by Pauly (2016) that 2-
Simultaneous is P-complete. Pauly’s proof is a projection
from a variation of the monotone circuit value problem. By
a similar proof as the one shown in (Greenlaw, Hoover, and
Ruzzo 1995), we can show that the monotone circuit value
problem variation can be projected from the P-bounded halt-
ing problem. O

By a reduction from this problem, we have:

Theorem 7. Model checking memoryless SLigps is
EXPTIME-hard.

Proof. Given a circuit C representing payoff matrices of
both players and a strategy of player 1 represented with a
binary number 4, we construct in polynomial time a CGS G,
with 3 agents to simulate the game and a formula ¢, s.t.
¢ holds on G. in memoryless semantics iff the answer of
2-Simultaneous on C' and 1 is true. The idea of constructing
G. and ¢, is as follows. We divide the gates of C into three
types: input gates of player 1, input gates of player 2, and the
other gates. Thus we introduce 3 agents corresponding to the
3 types of gates. We number the u gates of C, including the
input gates, topologically. G. has 3u states. Figure 5 shows
the general structure of G.. Each s; state has a controlling
agent. For example, if s; is corresponding to an input gate
of player 1, then the controlling agent of s; is agent 1. Agent
1 or 2 acts on the states controlled by her as follows: if the
input bit of the corresponding gate is 1 (resp. 0), then agent



1 on s; chooses an action which makes the transition to ¢;
(resp. f;). Agent 3 also acts under the states controlled by
her. The formula . will encode the constraint that the act-
ing of agent 3 must follow the circuit. For example, if gate j
is an AND gate of the outputs of gate j; and jo, then agent 3
chooses action leading to ¢; iff the controlling agents of s,
and s;, choose actions leading to t;, and t;,. Formula ¢,
states that agents 1 and 2 do IEDS according to the correct
payoff calculated by agent 3, and after IEDS, there is a strat-
egy of agent 1 left that performs the same as the strategy ¢ of
player 1. We now give the detailed construction of the CGS
G, and the formula ..
The CGS G. is constructed as follows:

o AP = {evaly, evaly, win, iny,ing, . ..,iny,};

o Ac = {yes, no,idle}, and Ag = {1,2,3};

c W={s;,t;,f; |0<j <u}

* Every t; is labeled with eval;. The state f; corresponding
to the input gate controlled by agent 3 is labeled with
eval,. The state ¢, is labeled with win. We label the
states s; controlled by 1 with the atoms ¢ny, the first one
is labeled in, the second one ins, respectively.

* For any agent 4, if she controls state s;, then Pi(sj) =
{yes, no}. Any other states w have P;(w) = {idle}.

* 7 is defined as in Figure 5. In state s; controlled by %, the
next state will be ¢; (resp. f;) if ¢ does yes (resp. no).

Intuitively, eval; means that the gate is determined to have
value 1, eval, means that the circuit is evaluating the payoff
of player 1, win means that the circuit outputs 1. Atoms ¢ny
labels the states corresponding to input gates of player 1. We
assume there are u’ < wu such states, and let their numbers
be p1,pa, ..., py . Therefore, the set of strategies on G, for
agent 1 and 2 would correspond to the set of strategies of
player 1 and 2 in the matrix form of the finite two-player
game. We denote the strategy that corresponds to the given
strategy ¢ as 0.

To construct ¢., we first give the LTL formula ). that
represents the correctness of the evaluation, namely, every
gate’s value should be in line with their inputs. For an AND
gate numbered j with input gates ji, jo,. .., Jk. the formula
Py is X eval, 5 N, <, < (X" eval), which means
that the value of this gate is true iff the values of all inputs
to the gate are decided by the agents to be true. The formula
stating the correctness for an OR gate or a NOT gate can be
defined in a similar way. Our formula 1) that represents the
correctness of the evaluation is written as the conjunction of
all the 9p;, while j ranges over all of the non-input gates.

Now it is possible to write the agents’ goals in the IEDS
to let it correspond to the elimination in the original two-
player game on matrices. Agent 1’s goal ¢; is written as
1. A Feval, — Fwin, which means if the evaluation is cor-
rect, and it is evaluating agent 1’s payoff, then the evaluation
should be true, which means agent 1 got payoff 1. Similarly,
agent 2’s goal (s is written as 1. A G—eval, — Fwin. The
goal expression 7 is written as (1 : 1), (2 : ¢2),(3: T).

The formula (.. is given as follows. Let f(yes) = evaly,
f(no) = —ewal;. As the strategies of agent 1 have their be-
haviors only differ in the u’ states controlled by 1, and in any

play these state will always be visited, we can write it as
[7]°°Fz.Vy.Vz.(1,2)(2,y)(3, 2)
N\ Fling AXf(o1(sp,)))-

1<k<u’

This formula means that after the IEDS, there exists a strat-
egy o of 1 that in all states sy, , which are labeled as in; and
controlled by 1, will act in a way that the result corresponds
to oq’s actions, i.e., fork =1,...,v/,if 01(sp, ) = yes, then
on the computation generated with o, ing will be followed
by evaly, and if 01 (s, ) = no, then in;, will be followed by
evaly. o is effectively 0. Therefore, the original problem
of 2-Simultaneous on succinct representations is reduced to
model checking ¢. on G, in the memoryless case.

The formula ¢, and the CGS G, both have sizes polyno-
mial to u, the number of gates in C. Since u is polynomial
in n, both structures can be constructed in time polynomial
in n, thus the reduction is polynomial. O

Combining Theorem 5 and Theorem 7, we have

Corollary 8. Model checking memoryless SLigps is
EXPTIME-complete.

Liu et al. (2020) proved that model checking memoryless
JAADL is in EXPTIME, but the lower bound was left open.
Note that our technique for proving the complexity lower
bound of model checking memoryless SL1gps can be used in
JAADL as well, with the modification that the decision prob-
lem used should be 2-Simultaneous in the fully cooperative
setting. Such problem can also be proved as P-complete by
a projection from the monotone circuit value problem varia-
tion. Therefore, we can conclude that model checking mem-
oryless JAADL is EXPTIME-complete as well.

Mogavero et al. (2014) defined a number of SL frag-
ments such as SLING], SL[BG], and SL[1G], where SL[1G]
is the most restrictive and its model-checking problem is
2EXPTIME-complete while model-checking SL is non-
elementary. We can define the corresponding SLigpg frag-
ments by extending SL fragments with EDS and IEDS oper-
ators. However, note that the SL1gps formula ¢, in our proof
of Theorem 7 is in SL1gps[1G]. Thus, model-checking mem-
oryless SLigps[1G] is already EXPTIME-complete.

Conclusion

In this work, we propose SLigps — an extension of strat-
egy logic SL with EDS and IEDS operators. Different from
JAADL (Liu et al. 2020) and similar to rational verifica-
tion (Wooldridge et al. 2016), when defining dominance of
strategies, different agents can have different goals. With this
extension, we can reason about rational strategic abilities in
multi-agent systems based on the concepts of Nash Equilib-
rium, [EDS, and bounded rationality. We can also use SL1gps
to reason about joint abilities. We prove that the EDS op-
erator can be expressed in SL, but SLigps is strictly more
expressive than SL. Finally, we prove that model checking
memoryless SLigps is EXPTIME-complete. Our future work
will focus on exploring the model checking problem in the
memoryful case.
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