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Abstract

In the past decade, multi-agent epistemic planning
has received much attention from both dynamic
logic and planning communities. Common knowl-
edge is an essential part of multi-agent modal
logics, and plays an important role in coordination
and interaction of multiple agents. However,
existing implementations of multi-agent epistemic
planning provide very limited support for common
knowledge, basically static propositional common
knowledge. Our work aims to extend an existing
multi-agent epistemic planning framework based
on higher-order belief change with the capability
to deal with common knowledge. We propose a
novel normal form for multi-agent KD45 logic
with common knowledge. We propose satisfi-
ability solving, revision and update algorithms
for this normal form. Based on our algorithms,
we implemented a multi-agent epistemic planner
with common knowledge called MEPC. Our plan-
ner successfully generated solutions for several
domains that demonstrate the typical usage of
common knowledge.

1 Introduction

Reasoning about knowledge and beliefs and their change
plays an important role in many intelligent tasks, since
actions may have preconditions involving agents’ knowledge
and beliefs, which may be changed by agents’ actions. In
some applications, even higher-order knowledge and beliefs,
i.e., knowledge and beliefs about other agents’ knowledge
and beliefs, turn out to be insufficient, and common knowl-
edge is needed. We say that ¢ is common knowledge of a
group of agents if everybody knows ¢, everybody knows
everybody knows ¢, and so on to infinity. For example,
common knowledge is needed for agreement and coordina-
tion. To illustrate, suppose that Alice and Bob are trying to
coordinate their actions. This involves the agents’ agreeing
on when to perform the actions, which we represent by ¢. We
expect that if Alice and Bob agree on something, then each
of them knows that they have agreed on that. By induction,
Alice and Bob have common knowledge of ¢. The common
knowledge modality adds a great deal of expressive power to
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multi-agent modal logics. As a result, deciding satisfiability
becomes EXPTIME-complete [Halpern and Moses, 1992].

In the past decade, multi-agent epistemic planning has
received much attention from both dynamic logic and
planning communities. On the theory side, Bolander and
Andersen [2011] formalized multi-agent epistemic planning
(MEP) based on dynamic epistemic logic [Van Ditmarsch et
al., 2007], where both states and actions are represented as
Kripke models. Very recently, Huang et al. [2017] proposed
a general representation framework for MEP, where the
initial knowledge base (KB) and the goal, the preconditions
and effects of actions can be arbitrary multi-agent epistemic
formulas, progression of KBs wrt actions is achieved through
higher-order belief revision or update based on effects of
actions, and the solution is an action tree branching on
sensing results. On the implementation side, Kominis and
Geffner [2015] and Muise et al. [2015] solved restricted
versions of MEP problems by compiling them into classical
planning, and Huang er al. [2017] implemented a contingent
MEP planner based on AND/OR forward search. However,
the implementation of [Muise et al., 2015] does not support
common knowledge, and those of [Kominis and Geffner,
2015] and [Huang et al., 2017] provide very limited support
for common knowledge, basically static propositional com-
mon knowledge. To the best of our knowledge, LOTREC [del
Cerro et al., 2001], a theorem prover for S5, is the only im-
plementation capable of reasoning with common knowledge.

In this paper, we extend the MEP framework proposed by
Huang et al. to incorporate general common knowledge. To
support efficient reasoning in multi-agent KD45 logic, they
made use of a normal form called alternating cover disjunc-
tive formulas [Hales et al., 2012]. However, this normal form
cannot be directly generalized to support reasoning with
common knowledge. Thus we propose a novel normal form
for multi-agent KD45 with common knowledge. This normal
form makes use of a new common knowledge modality C, ¢
which means that it is common knowledge that everybody
except agent a knows ¢. We propose a novel algorithm for
checking satisfiability for this normal form. Also, we propose
revision and update algorithms for this normal form. The
essential idea is to change agents’ common knowledge before
changing agents’ knowledge, and carry the changed common
knowledge to change knowledge to ensure the consistency
between knowledge and common knowledge. Based on our
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reasoning, revision, and update algorithms, we implemented
a multi-agent epistemic planner called MEPC. Our planner
successfully generated solutions for several domains that
demonstrate the typical usage of common knowledge.

2 Preliminaries

In this section, we introduce the background work of our pa-
per, i.e., the multi-agent modal logic and the epistemic plan-
ning modeling framework proposed by Huang et al.

2.1 Multi-agent Modal Logic
We fix a finite set of atoms P and a finite set of agents A.

Definition 2.1. The language L i ¢ of multi-agent modal log-
ic with common knowledge is generated by the BNF:

¢ = p| 01| 1 Ao | Koy | Copr,
where p € P,a € A, ¢1,02 € Lic.

Intuitively, K,¢ means agent a knows ¢, and C'¢p means
all agents commonly know ¢. We let L,¢ and D¢ abbre-
viate for =K ,—¢ and -C—¢, respectively. Intuitively, L,
means agent a thinks ¢ is possible, and D¢ means all agents
commonly think ¢ is possible.

We use ¢ and v to represent formulas, ® and ¥ to rep-
resent sets of formulas, T and L to denote true and false,
respectively. \/ @ stands for the disjunction of members in
®, while L,® (resp. D®) stands for the conjunction of L,¢
(resp. D¢) where ¢ € ®. The modal depth of a formula
¢ € Lk is the depth of nesting of modalities in ¢.

Definition 2.2. A frame is a pair (W, R), where W is a non-
empty set of possible worlds; for each agent a € A, R, is a
binary relation on W, called the accessibility relation for a.

When wR,w’, we say w'’ is an a-child of w. We say R, is
serial if for any w € W, there is a w’ € W s.t. wR,w'; we
say R, is transitive if wR,u and uR,v imply wR,v; we say
R, is Euclidean if wR,u and wR,v imply uR,v. A KD45,,
frame is a frame whose accessibility relations are serial, tran-
sitive and Euclidean.

Definition 2.3. A Kripke model is a triple M = (W, R, V),
where (W, R) is a frame, and V : W — 2% is a valuation
map. A pointed Kripke model is a pair s = (M, w), where
M is a Kripke model and w is a world of M.

Definition 2.4. Let s = (M, w) be a Kripke model where
M = (W, R, V). We interpret formulas in £ ¢ inductively:
M,w Epiffp € V(w);

M, w = ¢ iff M,w ¥ ¢;

MwE oAy iff Myw |E ¢ and M, w =

M,w E Ky¢iff forall v s.t. wR,v, M,v = ¢;

M,w = C¢iff for all v s.t. wR v, M,v = ¢, where
R 4 is the transitive closure of the union of R, fora € A.

Consider the context of Kg or KD457§j . We say ¢ is sat-
isfiable if there is a Kripke model (M, w) st. M,w [ ¢.
We say ¢ entails ¢, written ¢ |= v, if for any Kripke model
(M,w), M,w = ¢ entails M,w = 1). We say ¢ and 1) are
equivalent, written ¢ < 1), if ¢ =1 and ¥ = ¢.
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Theorem 2.5. [Halpern and Moses, 1992] The satisfiability
problems for K¢ and KD45§ are EXPTIME-complete.

Halpern and Moses presented an algorithm for checking
satisfiability in Kg Given a formula ¢ € Lk, their algo-
rithm first generates a set S consisting of all subformulas of
¢ and their negations. Then it computes a set W consisting
of all subsets A of S that are propositionally consistent and
maximal, i.e., either v € A or =1 € A for each ¢y € S.
Finally it iteratively builds a model for ¢ with worlds in W

We now define a normal form for KTCL

Definition 2.6. The set of modal terms is inductively defined:

e A propositional term, i.e., a conjunction of propositional
literals, is a modal term;

e A formula of the form ¢g A A, c 4(Kada A La¥Wa) A
Cu N DA is a modal term, where ¢ is a propositional
term, W,, A are sets of modal terms, and ¢,, j+ are con-
junctions of disjunctions of modal terms.

A formula ¢ is in DNF if it’s a disjunction of modal terms. A
formula ¢ is in CDNF if it’s a conjunction of DNFs.

So the knowledge and common knowledge parts of a modal
term are in CDNF.

Proposition 2.7. In Kg , any formula in Lx ¢ can be trans-
formed to an equivalent DNF whose length is at most singly
exponential in the length of the original formula.

Proof. For an arbitrary modal formula ¢ € L, we first put
it into negation normal form. Then we treat modal atoms, ie,
formulas of the form K1, L, C and D1, as proposition-
al atoms and transform the whole formula into propositional
DNEF. Then for the v in each modal atom, we repeat this pro-
cess. By induction on the modal depth of ¢, we can show that
the length of the resulting DNF is at most singly exponential
in the length of ¢. O

In the rest of the paper, the logic we use is KD45g, except
that in Section 3.1, we discuss satisfiability for Kg .

2.2 Epistemic Planning Modeling Framework

We follow the modeling framework for multi-agent epistemic
planning (MEP) in [Huang et al., 2017], and extend it with the
support of general common knowledge.

We illustrate the framework with the classic muddy chil-
dren example [Fagin ef al., 1995]. There are n children play-
ing together and m of them get mud on their foreheads. Each
can see the mud on others but not on his own forehead. The
father announces “At least one of you has mud on your fore-
head”. The father then keeps asking “Does any of you know
whether you have mud on your own forehead?” It turns out
the first m — 1 times he asks the question, they will all say
“No”, but then the mth time the children with muddy fore-
heads will all answer “Yes”.

Definition 2.8. A MEP problemis atuple (4, P,D,S,Z,G),
where A is a set of agents, P is a set of atoms, D is a set of
deterministic actions, S is a set of sensing actions, Z € Lk ¢
is the initial KB, and G € Lk ¢ is the goal.
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Example 1. Assume that there are three children (A =
{a,b,c}) and all of them are muddy. The atoms are: m;,
indicating the ith child is muddy. The deterministic action-
s are: announce, the father announces that at least one of
them is muddy; askno, the father asks whether anyone knows
that he is muddy, but no child answers “Yes”. The initial
KB is mq A mp A me A Nje 4 (5 N\jz;mj). The goal is
/\ieA(mi — Klml)

Definition 2.9. A deterministic action is a pair (pre,ef f),
where pre € L ¢ is the precondition; ef f is a set of condi-
tional effects, each of which is a pair (con, cef), where con,
cef € Lk ¢ indicate the condition and the effect, respectively.

Definition 2.10. A sensing action is a triple (pre, pos, neg),
where pre, pos, neg € Li¢ indicate the precondition, the
positive result, and the negative result, respectively.

For example,
announce = (T,{eff}), whereef f = (T,C'\/, m;).
askno = (pre,{ef f1,ef f2}), where:

o pre = \;(=Kim; A ~K;=m;),

o effi={(CV,;m, CV#j(mi Amg;)),

o effo={(CV,;(mi Am;),C\;mi).

Here pre says that no child knows if he is muddy, e f f1 says:
under the condition that the children commonly know that at
least one child is muddy, they commonly know at least two of
them are muddy, and ef f> says: under the condition that the
children commonly know that at least two of them are muddy,
they commonly know that all three children are muddy.

An action «a is executable wrt a KB ¢ € Lgc¢ if ¢ =
pre(a). Suppose a is executable wrt ¢. The progression of
¢ wrt a is defined by resorting to belief change operators.
Two main types of belief change are revision and update: re-
vision concerns belief change about static environments due
to partial and possibly incorrect information, whereas update
concerns belief change about dynamic environments due to
the performance of actions. We use a revision operator o and
an update operator ¢ for £ . We use update for progression
wrt deterministic actions and revision for sensing actions.

Definition 2.11. Let ¢ € Lx¢ and a a deterministic ac-
tion where ¢f f(a) = {(é1,%1),. .., (bn,on)}. Suppose
Giys .-, i, are all the ¢;’s s.t. ¢ = ¢;. Then the progres-
sion of ¢ wrt a is defined as ((p o1, ) ...) oy .

Definition 2.12. Let ¢ € Li ¢ and a a sensing action. Then
the progression of ¢ wrt a with positive (resp. negative) result
is o7 = ¢ o pos(a) (resp. ¢~ = ¢ o neg(a)).

The progression of ¢ wrt a sequence of actions (with
sensing results for sensing actions) is inductively de-
fined as follows: prog(¢,e) = ¢; prog(é,(a;o)) =
prog(prog(¢,a), o) if ¢ = pre(a), and undefined otherwise.

A solution of a MEP problem is an action tree branching
on sensing results, such that the progression of the initial KB
wrt each branch in the tree entails the goal.

3 Checking Satisfiability

In this section, we first present an algorithm for checking sat-
isfiability in K¢, and then extend it to KD452 .
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3.1 K¢ Satisfiability

The main idea of our algorithm for checking satisfiability in
Kg is as follows. The input formula is in DNF, and we at-
tempt to build a model for it recursively. When checking a
model term 0 = ¢g A \,c 4 (Kaba A LaVWa) A Cp A DA,
if ¢ is unsatisfiable, we immediately return L, otherwise we
proceed as follows:

e For each agent a and each possibility ¥, € ¥,, we
conjoin it with knowledge ¢, and common knowledge
u A Cpu, and check if the resulting formula is satisfiable.

e If not, we immediately return L, otherwise we check
AN ¢g A ACpand DAA ¢ A A Cp for each agent
a and each common possibility A € A.

Each of the above formulas is in CDNF, we call it a child of
0. When checking a CDNF ¢, we put it into a DNF \/ A, and
recursively check each 6’ € A. We call ¢’ a derivant of ¢.

However, the complication is that due to the presence
of common knowledge, some newly generated modal terms
might be the same as previous ones. To handle this issue, we
maintain a graph whose nodes are modal terms. When a new
modal term is generated, we mark it by T, and when we know
it is unsatisfiable, mark it by . Also, when a new modal ter-
m ¢’ is derived from a child of a modal term §, we add an
edge from § to &', mark the edge by 1 if ¢’ is derived from
e A A Cpi, and 2 otherwise. Now, when checking a modal
term ¢ which already exists, we return its current mark.

A formula 6 may not be satisfiable if it’s marked T by the
above methods. We further update each modal term’s mark by
checking whether its common possibilities are satisfied. For
each conjunct DX in each modal term ¢, we check whether
there is a modal term ¢’ reachable from § s.t. A is a conjunct of
0" and ¢’ is marked by T. If not, we mark ¢ by L and further
propagate L to its ancestors through 1-edges. We repeat this
procedure until no mark is updated.

Definition 3.1. Let § be a modal term. For a € A, let 7,
denote a’s knowledge, i.e., v, = ¢o A p A Cu. We define the
set of 0’s children, Gen’(§), as the union of the following:

e 51 = {’Ya/\@[}a | ac A, € \I/a};

e Sy, ={7aAX]|a€ A}, and

Sre = {Ya A DX | a € A}, where A € A.

Proposition 3.2. Let § be a satisfiable modal term. Then the
following hold for Gen’ (§):

e forall ¢ € Sy, ¢ is satisfiable;

e forall A € A, there is ¢ € Sy, US), s.t. ¢ is satisfiable.

Algorithm 1: Check™ (¢)
input: ¢ € Licisin DNF\/ A

set G = (W, R) to the empty graph;
if Sat® (¢, 1,a,1) = L thenreturn 1 ;
call Update;
foreach ¢ in A do

if Mark(d) = T then return T;
return 1 ;

output: T/ L
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Function Sat® (¢, ¢',i,n)
input: ¢ is in CDNF, ¢’ is a modal term, i € A, n = 1,2

if ¢ is not a modal term then
transform ¢ into DNF \/ A;
foreach § in A do
if Sat (6,¢',i,n) = T then return T;
return L
else
if¢’ # Lthen R, + R, U{(¢',d)n};
if ¢ € W then return Mark(¢);
W« W U{¢}, Mark(¢p) < T;
GCRK(¢) = Sl U U)\GA(S)\l U S/\Q);
if one of the following conditions holds:
1. ¢q is propositionally unsatisfiable;
2. 36, € Sy: Sat® (84, ¢,a,1) = L.
then Mark(¢) < L, return L;
foreach 6, in (J,c, Sx, U Sy, do
call Sat’ (6,, ¢,a,2);
return T;

CpA D-p CpAD-p
-pApACp D-pApACp —pApACp D=pApACp
(1) L (2)
T 1
CpA D—-p Cp A D-p

VAN

-pApACp D-pApAhCp
1 L

AN

-pApACp D-pApACp
L (3) T

Figure 1: Procedure of Check™ (Cp A D—p)

Procedure Propagate(d)

input: J is a modal term

foreach ¢’ in W s.t. (¢',6)1 € Rdo
if Mark(6') = T then
Mark(d§") < L; call Propagate(d’);

Procedure Update

foreach § in W and A s.t. D\ is a conjunct of § do
let Child(d, \) be a set of modal terms 6" where:
1. 8" is reachable from §; 2. X is a conjunct of &',
3. Mark(6') =T.
Updated <+ T,
while Updated = T do
Updated <+ L; UpdatedN odes <+ 0;
foreach § in W and A s.t. D\ is a conjunct of § do
if Mark(6) =T and Child(6, \) = () then
Mark(d) + L; Updated + T;
UpdatedNodes < UpdatedNodes U {0};
foreach § in UpdatedN odes do
call Propagate(d);
foreach 0 in W and A do
delete &’ in Child(d, \) s.t. Mark(§') = L;

We demonstrate the procedure of Check™ (¢) by Figure 1.
Letp = Cp A D—pand A = {a}.

1. We calculate Gen (¢) = {01, 62}, where ; = =pApA
Cpand 03 = D—p Ap A Cp, and set W = {¢, 1,02}
and R, = {(¢,61)2, (¢, 02)2}

2. We check §; next. Since its propositional part is unsat-
isfiable, we set Mark(d,) = L.

3. We turn to 0do, GenK(ég) = {(517 (52}, R, <«
RaU{(5Q, (51)2, (62, (52)2}, MCLTk‘((Sg) = T. Thus
Mark(¢) =T.

4. Since D—p is a conjunct of ¢ and &5 but there isn’t a
reachable modal term ¢’ s.t. —p is a conjunct of ¢’ and
Mark(8') = T, we set Mark(¢) = Mark(ds) = L.
Eventually Check™ (¢) returns L.

Theorem 3.3. The complexity of Check®(¢) is
O(4ld+Del+1) "where [ is the length of ¢, d is the modal
depth of ¢, and c is the depth of nesting of C' modalities in ¢.
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Proof sketch. First consider ¢ without C. For any modal term
& generated during the algorithm, § corresponds to a substring
of ¢. Hence the graph has at most 2! nodes. Now consider
that ¢ contains C' modalities. Let C'v be the conjunction of all
subformulas C'pi in ¢. The maximal length of C'v is cl. The
children generated from C'v are in the form v; A C'v, where
vy doesn’t contain common knowledge since C'v is maximal.
For 1 < i < d, we name the children generated from v; as
Vit1. All v; corresponds to a substring of v, thus the length
of v; is less than ¢l. Since the children of C'v without com-
mon knowledge will be reduced to propositional formulas af-
ter at most (d — 1) recursions, the maximal length of the form
Ni<i<qvi A Cvin a modal term generated during the algo-
rithm is ¢l + dcl. Hence the maximum number of nodes is
2(d+1)el+l et n be the number of nodes. Cycle checking
and updating marks requires O(n?) time. Thus we obtain the
complexity result O(4(dH+1Del+ly, O

We proceed to prove soundness and completeness of
Check™. For soundness, when Check® (¢) returns T, we
build a model My for ¢ by modifying the frame G = (W, R)
as follows: remove 6 € W sit. Mark(d) = L; rename
0 € W to wy; and create a valuation map V' s.t. V(ws) satis-
fies ¢ in 6. We show that for each ws in My, My, ws = 0.
To facilitate the proof, we introduce the notion of implicants.

Definition 3.4. If the conjunction of a CDNF ¢ and another
CDNF ¢’ is equivalent to a DNF \/ A, we call each § € A an
implicant of ¢, and write § = ¢.

Obviously, if § = ¢, then § = ¢. If a modal term ¢’
is a subterm of a modal term 4, i.e., the conjuncts of ¢’ is a
subset of those of §, then 4 is an implicant of ¢’. In Algorithm
1, when a modal term ¢’ is added as an a-child of a modal
term § = o A N\gea(Ka®a A LaVa) ACpu A DA, § is an
implicant of ¢,, u and Cu; similarly, §’ is an implicant of
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some ), € V¥, or an implicant of A or DX for some A € A.

Lemma 3.5. When Check™ (¢) returns T, for all ws € My,
we have My, ws = ¢ if § = 9.

Proof. We prove by structural induction on . Consider v in
the following forms:

e A propositional literal. Then 1 is a conjunct of the
propositional term of 6. By the definition of V (ws), we
have My, ws = .

e 11 A1)o. Then § = 91 and § |= ). By induction, My,
ws = Y1 and My, ws |= 2. So My, ws = b1 A o.

e 1 V1. Then 6 = 1 or & = 2. By induction,
Mg, ws |= 1 or My, ws = 2. So My, ws |= 1V tha.

e K,1'. By Algorithm 1, for all ws: s.t. wsR,wsr, &' =
¢’. By induction, My, ws = 9'. So My, ws = K1

e L,y'. By Algorithm 1, there is ws s.t. wsR,ws and
§' = ¢ If not, § will be marked L by Propagate. By
induction, My, ws = ¢'. So My, ws = L)'

e (C1'. By Algorithm 1, for all wss reachable from ws, &’
E= ¢, By induction, My, ws =1’ So My, ws = Cy'.

e D1)’'. By Algorithm 1, there is wss reachable from ws
s.t. 8" = 9. If not, § will be marked L by Update. By
induction, My, ws = v¢'. So My, ws = D', O

For completeness, we prove a modal term ¢ is unsatisfiable
if it’s marked L. The difficult case is when § is marked L
during update. We introduce a lemma to handle this case.

Lemma 3.6. Let § be a modal term s.t. § = DX. When ¢
is satisfiable, there is a modal term &’ reachable from ¢ s.t.
0" E= X and ¢’ is satisfiable.

Proof. Since ¢ is satisfiable, there is a model (M, w) s.t.
M, w = 6. Since § = DA, there is a path w, wy, . . ., Wy, W'
in M s.t. M,w' = \. Assume that wR,, w1, wy, Ry w' and
wiRg,  wiyr for 1 < 4 < m. By Algorithm 1, there is a
path 6,61,...,0,,,0" in W where §; = DA for each i and
§" E A. Moreover, we have (9,01) € Ry,, (0m,0") € Ry
and (d;,0;41) € R,,,,. By induction, we can show that for
eachi=1,...,m, M,w; =6;. So M,w |=4¢". O

Theorem 3.7. Check™ (¢) = T iff ¢ is satisfiable in K.

Proof. =: Suppose Check™ (¢) returns T. Then there is a
world ws € My s.t. § = ¢. By Lemma 3.5, My, w5 = ¢.
Thus ¢ is satisfiable.

<: Suppose Check™ (¢) returns L. Let ¢ = \/ A. Then
each modal term in A is marked L. We prove by induction
on k that if § is the kth modal term that Check®™ marks L, &
is unsatisfiable. There are 3 cases:

e The propositional term of J is unsatisfiable.

e There is ' € S; marked by L. By induction, ¢’ is un-
satisfiable. By Proposition 3.2, ¢ is unsatisfiable.

e ¢ contains a conjunct D and for each ¢’ reachable from
d where 6’ = ), ¢’ is marked L. By induction, ¢’ is
unsatisfiable. By Lemma 3.6, § is unsatisfiable. |

3.2 KD45C Satisfiability

The main idea of our algorithm for checking satisfiability in
KD45§ is as follows. We require the input formula ¢ to be
in a certain normal form. We apply to ¢ the algorithm for
checking satisfiability in Kg When the algorithm returns T
and a model for ¢, we add edges to the model to make it
serial, transitive, and Euclidean. The normal form we use
ensures that after adding edges, the model still satisfies ¢. To
motivate our normal form, let’s consider two examples.
Example 2. Let A = {a,b}, P = {p}, and ¢ = DK,p.
Consider M = (W,R,V) where W = {0,1,2}, R, =
{(0,1),(1,2)}, Ry = 0,V(0) = V(1) = 0, and V'(2) = {p}.
Then (M, 0) is a model for ¢ in K, but it can’t be made a
model for ¢ in KD455 by adding edges. Now suppose we
have an modality D, ¢ meaning ¢ holds in some world reach-
able by a path whose last edge is not of agent a. Let M’ be
the same as M except R, = {(1,2)} and R, = {(0,1)}.
Then (M’,0) is a model for ¢' = D, K,p in K, and it can
be made a model for ¢’ in KD45§ by adding edges.

Example 3. Let ¢ = L,(p A K,—p). Then ¢ is satisfiable in
K,(f but not in KD45§, thus KS algorithm obtains the wrong

answer. Note that ¢ entails K,—p in KD45§. If we add
K,—pto ¢, Kg algorithm could answer false correctly.

In the following, we introduce our normal form.

Definition 3.8. The semantics of the subscripted common
knowledge modality C', where a € A is defined as follows:

o M, w = Cy¢iff for all u,v s.t. wR*u and uRyv where

b # a, we have M,v = ¢, where R, is the reflexive
transitive closure of the union of R, for a € A.

We let D, ¢ abbreviate for -C,—~¢. We use L s to refer
to L ¢ where the C, modality is used instead of C.
Definition 3.9. The set of modal S-terms (resp. normal S-
terms) is inductively defined as follows:

e A propositional term is a modal (resp. normal) S-term;

e A formula of the form ¢g A A, c 4(Kapa A La¥Wq A

Catta NDgA,) is a modal S-term (resp. normal S-term),

where ¢q is a propositional term, ¥,, A, are sets of

modal S-terms (resp. normal S-terms), ¥, is not empty,

and ¢, (1, are conjunctions of disjunctions of modal S-

terms (resp. ¢@q, 4o are disjunctions of normal S-terms).
A formula ¢ is in SDNF (resp. normal SDNF) if it’s a dis-
junction of modal S-terms (resp. normal S-terms).

In the above definition, note the requirement that ¥, is not
empty. Due to seriality, we can always replace an empty ¥,
with the set { T} in KD45¢'.

Proposition 3.10. The following hold in KD45¢":

e Cp& /\aeA(Ka¢ A CgKa¢);

e Do V,ca(LadV DyLyd).
Proof. We only prove Item 1. The = direction is obvi-
ous. For the < direction, suppose M,w |= A, 4(Kap A

CoKy9). Let v be reachable from w and p a shortest path
from w to v. If p is of length 1, since M, w = A, 4 Ko,
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M,v = ¢. If pis of length > 1, then the last two edges on
the path must be of different agents; otherwise, by transitiv-
ity, there is a shorter path from w to v. Let a be the agent
of the last edge. Since M, w | CoKyp, M,v = ¢. Thus
M,w E Co. O

By Proposition 3.10, in KD45§, every formula is equiva-
lent to a formula in SDNF and a formula in normal SDNF.

As motivated by Example 3, we present the following rules
for unfolding nested knowledge.

Proposition 3.11. The following hold in KD455:
Ko(Kadp N T V1) & Koo A Kad N dT V 0);
Ko(Cop Aot V) & Ko(d A Crp Ao V)
La(Ka(Z) A ¢+) < Koo A La(Ka¢ A ¢+);

La(Cop A ¢7) & Ka(¢ A Co9) A La(Cyd A ¢7).
Here ¢ € Lxcg, ¢T is a modal S-term and v is in SDNF.

Definition 3.12. Let ¢ be in SDNF. We apply the rules for
unfolding knowledge to ¢, from inside to outside, and then
put the resulting formula into an SDNF ¢’. We say that ¢ is in
unfolded SDNF. Unfolded normal SDNF is similarly defined.

For example, L, K¢ < K,0 A LK, ¢, and
KaKoKa¢ < Ko(¢ N Ko(d N Ka9)).

Proposition 3.13. Let ¢ be in unfolded SDNF. Given any
formula ¢ and agent a, if ¢ = K,1) in KD45C, then we also
have ¢ = K, in K.

Now we define the set of children of a modal S-term. Note
that due to transitivity, K,¢, entails K, K ¢, in KD455.
Definition 3.14. Let 0 = ¢ A A c (Koo A LaWa A
Cupta N DgA,) be a modal S-term. For a € A, we let 7,

denote the knowledge of a, i.e., v, = ¢q N Kohg A Catta N
Npza (116 A Copi). We define the set of §’s children, written

Gen®P15(§), as the union of the following sets:
* Sl :{Va/\wa |a€A7wa G\Ila}7
e Spa1 = {7 AX|a€Aa#b}, and
Sprz = {% AN DQ)\ | a € A}, where b € A, )\ € A,.
Proposition 3.15. Let ¢ be a satisfiable modal S-term. Then
the following hold for Gen® P45 (5):
e forall &' € S;, &' is satisfiable;

e forallb € Aand A € Ay, there is §’ € Sy, U Spy, s:t.
¢’ is satisfiable.

Algorithm 2: Check®™ P45 ()
input: ¢ is in unfolded SDNF  output: T / L
Check™ (¢) where Gen is replaced by Gen’ D45

When Check®P45(¢) returns T, we first build a model
My for ¢ as we do for Check (¢), and then set each acces-
sibility relation to its transitive and Euclidean closure. Note
that seriality is ensured by requiring ¥, non-empty. The nor-
mal form we use and the definition of GenP45 ensure that
the resulting KD45§ model M (; still satisfies ¢.

Lemma 3.16. Let a,b € A. When Check™P45(¢) returns
T, for all ws, ws € M(; s.t. wsR,ws,, we have:

when 6 = Ko, &' = ¢ A Ko,

when 0’ = K, ¢, 6 = Kq¢;

when § = Cp, ' = Cph;

when 0’ = Cyy¢, either 6 = Cp¢ or 6 = K,Cyp¢.

Proof. We prove by induction on the order (w;, wg) is added
to R,. The induction cases are straightforward. We prove the
base case where (ws, wsr) is in R, before edges are added.
Item 1 and Item 3 follow from the definition of Gen®P45
From ¢’ = K,¢ we can infer that § is an implicant of K¢,
K,K.¢p or LoK,¢. Since ¢ is in unfolded SDNF, we have
0 = K,¢. From ¢’ = Cy,¢ we can infer that § is an implicant
of Cy, K,Cy or LoCy. If 6 is an implicant of L,Cyo, we
have § = K,Cj¢ by unfolding rules. O

Lemma 3.17. When Check®P45(¢) returns T, for all ws €
M, we have M(;,w(; Eifd E .

Proof. We only prove the cases whose proofs are different
from those for Kg Consider v in the following forms:

o K,1'. By Lemma 3.16, for all ws s.t. wsRaws, 6" =
y’. By induction, My, ws = 9. So My, ws = K9

e (9. By Lemma 3.16, for all ws» s.t. ws Ry wsr, 6"
E= C,v'. Then by the definition of Gen® P for all
wer S.t. wsr Ryws where b # a, we have ¢’ = ¢’. By
induction, M/, w5 |= 4’ So M, ws = Cot)'. O

Theorem 3.18. Check®™P4%(¢) returns T iff ¢ is satisfiable
in KD45¢ .

The proof for soundness follows from Lemma 3.17, while
the proof for completeness is identical to that in Theorem 3.7.

Theorem 3.19. The complexity of Check®P%(¢) is
O(4ld+D(erdnl+ly “where n is the number of agents, [, c,
and d are as in Theorem 3.3.

Proof sketch. The complexity follows from Theorem 3.3 with
two increasing from two factors: the common knowledge op-
erator C' is transformed into n copies of the subscripted ver-
sion; knowledge of each agent is preserved when generating
children of a modal S-term. O

4 Belief Revision and Update

In this section, we introduce our algorithms for higher-order
belief change involving common knowledge. As Huang et
al. [2017], we reduce change of epistemic formulas to that
of lower-order epistemic formulas, and as basis we resort to
change of propositional formulas. The essential difference
between revision and update is: revision satisfies the conjunc-
tion property that when ¢ A ¢/ is satisfiable, ¢po ¢’ < ¢ A ¢/,
while update satisfies the distribution property that when both
¢1 and ¢o are satisfiable, (¢1 V ¢2) 0 ¢’ & g1 0" Voo ¢,
We illustrate our main ideas with three examples.

Example 4. Revise K,(—p A K,—p) with Cp. When we
recursively revise =p/A K,—p, we cannot simply revise it with
p, which will give us the incorrect result K, (pA K,—p) ACp;
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we will have to revise it with p and carry C'p, which gives us
the correct result K, (p A Kqp) A Cp.

Example 5. Revise K,(—p A q) with K,—q A L,p. We can-
not simply revise old knowledge with new knowledge, which
gives us —p A —g, inconsistent with new possibility p. We
will take the disjunction of —p A —¢ and the revision of old
knowledge with the conjunction of new knowledge and new
possibility. This gives us =p A =q V p A —q, equivalent to —q.
The same idea applies to the revision of common knowledge.
Example 6. Revise L, (pAq) A Lo (—pAq) with Kop A Lgr.
Since there are old possibilities consistent with new knowl-
edge, we will only keep such old possibilities and revise them
with new knowledge. Thus we get Lo(p A q) A Kop A L.
However, consider revising L, (p A =¢) A Lo (—p A —¢q) with
K,q N\ L,r. Since all old possibilities are inconsistent with
new knowledge, we revise all of them with new knowledge.
The resultis L,(p A q) ALy (=pAq) AN Koqg A Lgr. The same
idea applies to the revision of common possibilities.

Motivated by Example 4, we define a “revision with carry”
operator ¢ o, ¢’ where  is the carry. The difference between
¢’ and ~y is that the revision result must entail ¢’ while the
result only need to be consistent with .

Definition 4.1. Let o be a revision operator. The revision of
¢ with ¢’ and carry ~y, written ¢ o., ¢’ is defined as follows:

e o, ¢ =¢od¢, if ¢ A~issatisfiable;
o po, ¢ = ¢o(¢' A7), otherwise.
Similarly, we can define the “update with carry” operator.

Motivated by Example 6, we define the * operator to re-
strict attention to consistent pairs of formulas if possible.

Definition 4.2. ® x &' =

o {(4,0) | pe® @ €@ ¢ is satisfiable}, if there
are ¢ € @ and ¢’ € D' s.t. ¢ A @' is satisfiable;

o {(¢,¢9') | p € D,¢' € D'}, otherwise.

Below is the formal definition of our revision operator.
Item 4 needs some explanation. In order to obtain a satis-
fiable result, we revise different parts of the old S-term in the
following order, using the ideas behind the three motivating
examples:

1. When old common knowledge is consistent with new
knowledge and new possibilities, revise it with new
common knowledge; otherwise simply assume new
common knowledge.

2. Revise knowledge using revised common knowledge.

3. Revise possibilities using revised common knowledge
and knowledge.

4. Keep old common possibilities that are consistent with
revised common knowledge, knowledge and possibili-
ties.

Definition 4.3. Let ¢ and ¢’ be in unfolded normal SDNF.
The revision of ¢ with ¢/, written ¢o¢’, is defined recursively:
1. When ¢ and ¢’ are propositional formulas, ¢ o ¢/ =
¢ os @', where o, is Satoh [1988]’s revision operator;
2. Wheng =\ Aand ¢’ =\ A,
G0 =\{50d | (5,6) € AxA');
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3. When ¢ and ¢’ are normal S-terms and ¢ A ¢’ is satisfi-
able, ¢ o ¢’ is ¢ A ¢’ converted to a normal S-term;

4. Otherwise, ¢ and ¢’ are normal S-terms, and ¢ A ¢’ is
not satisfiable. Let ¢ = ¢o A A\ c 4(Ka@a A LaWa A
Capra N Dag), and ¢ = ¢ A N e 4 (Ko@), A LWy, A

!/ !/ / "o /! /!
LN Gl n Doy
a*a ala a‘ta N
(@) ¢ = do ° ¢p;
(0) If Capta A Npopo (Koy, A LyWy) is satisfiable,
to = (Ha Oy, ty) V v,\;eA; (Ha O,y (o AN AL))
where 1 = Cyoptl, and yo = Cypil, A Do\
otherwise u! = pl;
(©) @ = (ha oy (D0 A Npra 16))V
Vs ewr (Da 04y (o A &G N Npso 113))-
where v1 = Kod, AN\ e 4 Catly
and o = Ko@), A Loy, A \yeq Cattys
(@) W = {po ¢ | (1h,9") € ok { g ANposg 11y } U
W, where v = Koy A N\ yea Cattys
(e A, = {A [ A€ Agand DA A A e 4 (Ko@) A
LU A Copil) is satisfiable} U A/
We now state properties of our revision operator.

Definition 4.4. The set of disjunct-wise satisfiable (d-sat)
normal SDNFs is inductively defined:

e A disjunction \/ A of normal S-terms is d-sat if each
6 € Ais d-sat;

e Anormal S-term ¢g A A\ ,c 4(Ka¢a A LaWa A Cafta A
D,A,) is d-sat if it is satisfiable and each disjunct in
each ¢, or p, is d-sat.

Proposition 4.5. An unfolded normal S-term without D
modalities ¢ = o A A\ e 4(KaPa A LaWa A Cafpta) is satis-
fiable if the following hold:

1. ¢y is propositionally satisfiable;
2. Forall @ € A and for all ¢, € Wq, ¢y, = Yo A o A
Kopg N /\bia o A Ngea Catta is satisfiable.

Proof. We construct a model (M, w) for ¢. By Item 1, we
create a world w where V' (w) satisfies ¢g. By Item 2, for each
a € Aand ¢, € U,, there is a KD455 model (My, ,w,,)
satisfying ¢y,. We add each (My,,wy,) to M and let
wR,wy,. Then (M, w) is a KD45¢ model for ¢ after cal-
culating the transitive and Euclidean closures. O

Proposition 4.6. Let ¢ and ¢’ be two d-sat unfolded normal
SDNFs. Then ¢ o ¢’ is a d-sat normal SDNF, and ¢o ¢’ = ¢'.
Moreover, when ¢ A ¢’ is satisfiable, ¢ o ¢ < ¢ A ¢'.
Proof. The conjunction property follows from Definition 4.3
Item 3 directly. Now we assume that ¢ A ¢’ is unsatisfiable.
We first prove ¢ o ¢’ = ¢’ by induction on the modal

depth of ¢. Let md(¢) denote the modal depth of ¢. When
md(¢) = 0, we consider ¢’ in two cases:

e md(¢’') = 0. Then ¢ o, ¢’ |= ¢’ by Satoh’s revision.
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e md(¢’) > 0. Let ¢ = \/ A and ¢/ = \/ A’. By Defini-
tion 4.3 Item 2, po’ = \/{d0d’ | (4,8") € AxA’}. For
each (§,0") € A A’, since higher-order subformulas in
4’ are directly conjoined into § o &', we have § 0§’ = ¢’.
Let po¢’ =\/ A”. Foreach¢” € A", thereisad’ € A’
s.t. 8" = &'. Therefore, ¢ o ¢' = ¢'.

When md(¢) = n + 1, we consider ¢ and ¢’ in two cases:

e ¢ and ¢’ are normal S-terms. Let ¢”' = ¢ o ¢’. By Item-
s (a), (d) and (e), we have ¢y = ¢, N,ea LaVy
/\aEA LQ\I/::L and /\aE.A DQAZ ’: /\aE.A DQA:V By
Item (b) and induction, for each agent a we have p/ =

o thus A o) Copig = Ngea Catyy- Similarly, by

Item (c) we have A\, 4 Ko, E Njca Ka®y. Take

the conjunction of the above results, we have ¢ |= ¢'.
e Otherwise, we follow the proof in the base case.

Let y be a modal S-term s.t. ¢’ Ay is d-sat and ¢ = ¢o,¢'.
Now we prove that ¢’' and ¢’ A  are d-sat by induction on
the modal depth of ¢. When md(¢) = 0, ¢ A v is d-sat and
o, ¢ = ¢o¢. Weconsider ¢ in two cases:

e md(¢’) = 0. Then ¢ o, ¢’ is d-sat by Satoh’s revision.

e md(¢') > 0. Let » = \/ A and ¢’ = \/ A’. We have
pod’ =\/{60d"](9,6') € AxA’}. Foreach (6,0") €
A=A, Tets = o and 8" = ¢y A e a(Kadly ALa W, A
Cpl, A D, ). Thus 308’ = (60, Gh)A A e 4 (Kath
L U ANCypl, AND,AL). Again by Satoh’s revision, 606’
is d-sat. Therefore, ¢" and ¢’ A v are d-sat.

When md(¢) = n + 1, we consider ¢ and ¢’ in two cases:

e ¢ and ¢ are normal S-terms. By Item (a) and Satoh’s
revision, ¢ is d-sat. By Item (b) and induction, p! is d-
sat. By definitions of “revision with carry” and unfolded
formulas, we can show that C, ), is d-sat. Similarly, we
have that ¢ and K,¢j, are d-sat. Since ¢, = A\, 15 »
Pa AN Noza B N Naca Capy is d-sat. By Item (d) and
induction, ¥ A ¢g A Kadg A Nyso 1y N Naea Catta
is d-sat for each ¢, € ¥!/. By Proposition 4.5 and Item
(e), ¢” is d-sat. By Definition 4.1, we can show that
@" Ay is d-sat.

e Otherwise, we follow the proof in the base case. |

Finally, we present the formal definition of our update op-
erator. For Item 4, the difference with that of the revision
operator lies with Item (d) where we update each possibility.
Recall that for Item 4 (d) of the revision operator, when there
are possibilities consistent with new common knowledge and
knowledge, we only keep them and revise them.

Definition 4.7. Let ¢ and ¢’ be in unfolded normal SDNF.
The update of ¢ with ¢', written ¢ o ¢’, is defined recursively:

1. When ¢ and ¢’ are propositional formulas, ¢ ¢ ¢/ =
@ ©w ¢, where o, is Winslett [1988]’s update operator;

2. When¢p =\ A, p0¢" =\;s.0000"

3. When ¢ is an S-term, and ¢’ = \/ A/,
pod' =\V{pod | (,0) €{o} x A’}

4. Otherwise, ¢ and ¢’ are normal S-terms, ¢ ¢ ¢’ = ¢”
where ¢, @', ¢" have the form as in Definition 4.3, and:
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(@) @5 = o © b

(0) If Capta A Nposo (Kody, A Ly Wy) is satisfiable,
t = (fha 0y ) V v,\;eA; (tha 0y (pg, N AG))
where v = Cyoptl, and yo = Cypil, A Do\l
otherwise u! = pl;

(©) ¢ = (¢a 0y, (D, A /\b;ﬁa 1))V
\/w;e\y; (Pa 0y (Vo A DG A Nz 113))5
where 71 = Ko, A A4 Catl
and 2 = Ka¢; A La% A /\aG.A Cgﬂg;

(d) Vg ={¢ o, (d5 A /\b;ﬁa, ) | €W} U,
where v = Koy A N\gea Cattys

© A = {A ]| A€ Agand DA A A, e o (Kadl! A
LU A Copil) is satisfiable} U A/

Proposition 4.8. Let ¢ and ¢’ be two d-sat unfolded normal
SDNFs. Then ¢ ¢ ¢’ is a d-sat normal SDNF, and ¢o ¢’ = ¢'.
Moreover, (¢1 V ¢2) 0 ¢ & pr0d" Vo',

The distribution property can be obtained from Definition
4.7 Item 2 directly. We omit the proofs for the other properties
of update since they are similar to those of revision.

5 Implementation and Experimental Results

Based on our reasoning, revision and update algorithms, we
implemented a planner called MEPC for multi-agent epis-
temic planning with common knowledge. Our planning al-
gorithm supports contingent planning by extending breadth-
first search to AND/OR graphs. We evaluate MEPC with five
domains which use common knowledge in different ways.

Collaboration-and-Communication: CC(n). There are 4
rooms, 2 agents and n boxes. Agents can enter rooms and
sense boxes in it. Also, agents can share information. The
goal is to let agents know the positions of boxes. The com-
mon knowledge is that each box is in exactly one room.

Muddy-Children: MC(n,m). There are n children and m
of them are muddy.

Public-Announcing: PA(n). There are n agents in room 1.
Agent 1 can sense whether the book is in room 2 and take
it away. Each agent can share his belief about the book to
others, while agent n can make a public announcement. The
goal is to achieve common knowledge that agent 1 belives the
book is missing.

Selective-Communication: SC(n). There are n rooms and
n agents in different rooms. A secret is false, but initially it’s
common knowledge that agent 1 believes the secret is true.
Agent 1 can find out that the secret is false. Each agent can
move to a neighboring room and tell the secret to others in
the room. The goal is to let all agents except agent 1 believe
that the secret is false, while agent 1 believes that it is true.

Prisoners-and-Lightbulb: PL(n). This domain is adapted
from a puzzle in [van Ditmarsch and Kooi, 2015]. There are n
prisoners in the prison. Every day one of them is interrogated
in a room furnished with a light bulb. The goal is to let one
of them know that all the prisoners have been interrogated.

Our experiments were run on a Windows machine with
3.50GHz CPU and 8GB RAM. The results are shown in Ta-
ble 1. The 2nd-4th columns indicate the number of agents, the
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Domain | A| P | [S+D] MEPC
CC(2) 2 116 6+16 44.831-33.830(5/10165)
CC(3) 2 |20 | 14+16 1953.0-1703.0(5/35351)
MC2,2) | 2 | 3 0+2 0.014-0.001(2/3)
MC@3,3) | 3 | 4 0+2 0.101-0.013(3/4)
MC@42) | 4| 5 | o042 0.201-0.027(2/3)
MC#43) | 4 | 5 0+2 2.603-0.435(3/4)
MC44) | 4 | 5 0+2 5.101-0.895(4/5)
MC(5,5) | 5| 6 0+2 108.682-20.187(5/6)
PAQ) |2 | 1 | 143 0.011-0.001(4/11)
PA(3) 311 1+4 0.013-0.001(5/15)
PA(4) 4 11 1+5 0.019-0.003(6/20)
PA(5) 511 1+6 0.027-0.008(7/25)
SC(2) 215 0+13 0.103-0.018(0/42)
SC@3) 3|10 0+25 9.198-1.597(9/2610)
SC@A) | 4 | 17| 0+41 | 738.566-61.571(10/70951)
PL(2) 2 112 0+6 0.061-0.002(5/21)
PL(3) 3|15 0+9 0.416-0.050(7/93)
PL4) 4 |18 0+12 4.040-0.443(9/385)
PL(5) 5|21 0+15 30.944-3.582(11/1493)

Table 1: Experimental Results

number of atoms, and the number of sensing and determinis-
tic actions. In the last column, A-B(C/D) indicates A seconds
of total time, B seconds spent on satisfiability solving, depth
C of solution tree (C=0 means the problem is unsolvable),
and D nodes searched. The results show that our planner is
capable of solving these problems of planning with common
knowledge. However, our planner doesn’t scale well, due to
the exponential time complexity of the satisfiability solving
algorithm and the naive search method we use.

6 Conclusion

In this paper, we have extended an existing framework for
multi-agent epistemic planning with the capability to deal
with general common knowledge. We propose a novel nor-
mal form for multi-agent KD45 with common knowledge
which makes use of the subscripted common knowledge op-
erator and unfolds knowledge in a certain way. We propose
satisfiability solving, revision and update algorithms for this
normal form. We implemented a planner MEPC, and it is ca-
pable of solving several domains involving typical usage of
common knowledge. Despite the current limitations of our
work, we have made a significant first step towards multi-
agent epistemic planning with common knowledge. In the
future, we are interested in extending our work to handle
common knowledge of a subset of agents. Proposing more
efficient algorithms for reasoning about common knowledge
is another important future work.
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